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Non-Parametric Noisy Function Estimation
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given:
joint sample 𝐗 ∈ ℝ!×#, 𝐲 ∈ ℝ!
of 𝐱-𝑦-distribution

task: 
estimate conditional expectation 
(regression function)

𝑔 𝐱 = 𝔼 𝑦	 𝒙)



Issue of Kernel Smoothers: No Spatial Adaptivity
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given:
joint sample 𝐗 ∈ ℝ!×#, 𝐲 ∈ ℝ!
of 𝐱-𝑦-distribution

task: 
estimate conditional expectation 
(regression function)

𝑔 𝐱 = 𝔼 𝑦	 𝐱)

Gaussian process regression:
𝑓!"#(𝐱$) = 𝐤$%(𝐊 + 𝜎&𝐈)'(𝐲

𝑘 𝐱$, 𝐱( , … , 𝑘 𝐱$, 𝐱)
%

e.g., 𝑘 𝑥, 𝑥′ = exp − ⁄𝑥 − 𝑥* & 2𝑙

kernel function

length scale
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Issue of Kernel Smoothers: No Spatial Adaptivity
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given:
joint sample 𝐗 ∈ ℝ!×#, 𝐲 ∈ ℝ!
of 𝐱-𝑦-distribution

task: 
estimate conditional expectation 
(regression function)

𝑔 𝐱 = 𝔼 𝑦	 𝐱)

Gaussian process regression:
𝑓!"#(𝐱$) = 𝐤$%(𝐊 + 𝜎&𝐈)'(𝐲

𝑘 𝒙$, 𝒙( , … , 𝑘 𝒙$, 𝒙)
%

e.g., 𝑘 𝑥, 𝑥′ = exp − ⁄𝑥 − 𝑥* & 2𝑙

kernel function

length scale
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Issue of Tree-based Models: No Smoothness
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given:
joint sample 𝐗 ∈ ℝ!×#, 𝐲 ∈ ℝ!
of 𝐱-𝑦-distribution

task: 
estimate conditional expectation 
(regression function)

𝑔 𝐱 = 𝔼 𝑦	 𝐱)

Random forest regression:
𝑓#+(𝐱$) = 𝐰 𝐱$ %𝐲

𝑤,(𝐱$) =
1
𝑇
A
-.(

/
𝑚-,,𝕀(𝒯-(𝐱,) = 𝒯-(𝐱$))

∑1.() 𝑚-,1𝕀(𝒯-(𝐱1) = 𝒯-(𝐱$))

# occurrences of 𝐱1  in bootstrap sample 𝑡 
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Goal: Adaptivity and Smoothness
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given:
joint sample 𝐗 ∈ ℝ!×#, 𝐲 ∈ ℝ!
of 𝐱-𝑦-distribution

task: 
estimate conditional expectation 
(regression function)

𝑔 𝐱 = 𝔼 𝑦	 𝐱)

Smoothed Random forest
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Idea: Post-hoc Probabilistic Smoothing
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G𝑓(𝐱$ ∣ 𝝀) = 𝔼𝐳~4(·∣𝐱!,𝝀) 𝑓(𝐳) = K
ℝ"
𝑓 𝐳 	𝑘(𝐳 ∣ 𝐱$, 𝝀)𝑑𝐳Smoothing transformation:

probability kernel (density) 
of location/scale family

latent random
test point

test point original 
predictor

original predictor smoothed predictor



Idea: Post-hoc Probabilistic Smoothing
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G𝑓(𝐱$ ∣ 𝝀) = 𝔼𝐳~4(·∣𝐱!,𝝀) 𝑓(𝐳) = K
ℝ"
𝑓 𝐳 	𝑘(𝐳 ∣ 𝐱$, 𝝀)𝑑𝐳Smoothing transformation:

original predictor smoothed predictor

Shrinkage in L2 space: G𝑓	 & ≤ 𝑓 &



Idea: Post-hoc Probabilistic Smoothing
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G𝑓(𝐱$ ∣ 𝝀) = 𝔼𝐳~4(·∣𝐱!,𝝀) 𝑓(𝐳) = K
ℝ"
𝑓 𝐳 	𝑘(𝐳 ∣ 𝐱$, 𝝀)𝑑𝐳Smoothing transformation:

original predictor smoothed predictor recalibrated smoothed predictor

N𝑦 𝐱$ 𝝀, 𝛽$, 𝛽( = 𝛽( G𝑓 𝐱$ , 𝝀 + 𝛽$, 	 𝛽$ ∈ ℝ, 	𝛽( ∈ ℝ<Recalibrated prediction function:



𝑐(

Application to Trees
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𝑥&

𝑥(

𝑥&

𝑐& 𝑐=

𝑥(

𝑐> 𝑐?

regression tree

𝐷(

𝐷=

𝐷& 𝐷>

𝐷?

𝑓 𝐱 =$
!"#

$

𝑐! 𝕀(𝐱 ∈ 𝐷!)

piecewise constant function



Application to Trees
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+𝑓(𝐱% ∣ 𝐗, 𝐲, 𝝀) =$
!"#

$

𝑐!ℙ(𝐳 ∈ 𝐷! ∣ 𝐱%, 𝝀)𝑓 𝐱 =$
!"#

$

𝑐! 𝕀(𝐱 ∈ 𝐷!)

smoothed functionpiecewise constant function

leaf probabilities

𝐷(

𝐷=

𝐷& 𝐷>

𝐷?



Application to Trees

20/8/2026 Liu, Luong, Boley, Schmidt - Improving Random Forests by Smoothing - ECMLPKDD 2026 - Journal Track

12

+𝑓(𝐱% ∣ 𝐗, 𝐲, 𝝀) =$
!"#

$

𝑐!ℙ(𝐳 ∈ 𝐷! ∣ 𝐱%, 𝝀)𝑓 𝐱 =$
!"#

$

𝑐! 𝕀(𝐱 ∈ 𝐷!)
ℙ(𝐳 ∈ 𝐷! ∣ 𝐱%, 𝝀) =

3
&"#

'

𝐾&(𝑢!
(&) ∣ 𝑥%

(&), 𝜆&) − 𝐾&(𝑙!
(&) ∣ 𝑥%

(&), 𝜆&)

smoothed function leaf probability (for 𝐳 ∣ 𝐱$)piecewise constant function

𝐷(

𝐷=

𝐷& 𝐷>

𝐷?



Application to Trees
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smoothed function leaf probability (for 𝐳 ∣ 𝐱$)piecewise constant function

computational complexity per prediction 𝑂(𝑘𝑝)

𝐷(

𝐷=

𝐷& 𝐷>

𝐷?



Latent test point approximates tree cut variability
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𝐷V

𝐷W
𝐷X

𝐷Y

original tree

𝒛 = 𝒙$ + 𝜹

𝒙$ 𝛿(

𝛿&



Latent test point approximates tree cut variability
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𝐷V

𝐷W
𝐷X

𝐷V

𝐷Y

𝐷X

≈

𝐷Y

𝐷W
original tree translated region boundaries

𝒛 = 𝒙$ + 𝜹

𝒙$𝒙$ 𝛿(

𝛿&

𝛿&

𝛿(



Application to Random Forests
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tree 1 tree 2 forest

𝐷(.(

𝐷(,&

𝐷(,= 𝐷(,?

𝐷(,>

𝐷( 𝐷&

𝐷= 𝐷>
𝐷? 𝐷A 𝐷B

𝐷C

𝐷D

𝐷($ 𝐷((

𝐷(& 𝐷(=

𝐷&,( 𝐷&,&

𝐷&,= 𝐷&,?

𝐷&,>



Application to Random Forests
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tree 1 tree 2 forest

Linearity of smoothing transformation: if 𝑓(𝐱) = ∑-.(/ 𝑤-𝑓-(𝐱)  then G𝑓(𝐱 ∣ 𝝀) = ∑-.(/ 𝑤- G𝑓-(𝐱 ∣ 𝝀)

𝐷(.(

𝐷(,&

𝐷(,= 𝐷(,?

𝐷(,>

𝐷( 𝐷&

𝐷= 𝐷>
𝐷? 𝐷A 𝐷B

𝐷C

𝐷D

𝐷($ 𝐷((

𝐷(& 𝐷(=

𝐷&,( 𝐷&,&

𝐷&,= 𝐷&,?

𝐷&,>



Application to Random Forests
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tree 1 tree 2 forest

Linearity of smoothing transformation: if 𝑓(𝐱) = ∑-.(/ 𝑤-𝑓-(𝐱)  then G𝑓(𝐱 ∣ 𝝀) = ∑-.(/ 𝑤- G𝑓-(𝐱 ∣ 𝝀)

Allows prediction complexity: 𝑂 𝑙𝑝 ≪ 𝑂 𝑘𝑝 = 𝑂 2E𝑝  in worst case where 𝑙 = 𝑙( +⋯+ 𝑙/
(same as GPR, factor of 𝑝 more than RF worst case complexity)



Different Model Variants Possible 
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tree 1 tree 2 forest

#params

Isotropically Smoothed Forest single 𝜆 ∈ ℝ+ shared across all dims 𝑗 and trees 𝑡 1

Smoothed Forest 𝜆𝑗 per dim 𝑗 shared across trees 𝑡 𝑝



Different Model Variants Possible 
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tree 1 tree 2 forest

#params

Isotropically Smoothed Forest single 𝜆 ∈ ℝ+ shared across all dims 𝑗 and trees 𝑡 1

Smoothed Forest 𝜆& per dim 𝑗 shared across trees 𝑡 𝑝

Forest of Isotropically Smoothed Trees 𝜆𝑡 per tree 𝑡 shared across all dimensions 𝑗 𝑇
Forest of Smoothed Trees 𝜆𝑡,& per tree 𝑡 and dimension 𝑗 𝑇𝑝



Model Selection via Out-of-bag Loss
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𝑓

Training loss: under-smoothing



Model Selection via Out-of-bag Loss
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Instead use out-of-bag loss: 𝐿FFG(𝚲, 𝛽$, 𝛽() = ∑-,,∈𝒪 𝑦, − 𝛽( G𝑓(𝐱, ∣ 𝒯- , 𝝀-) − 𝛽$
&

oob points

Training loss: under-smoothing



Model Selection via Out-of-bag Loss
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Instead use out-of-bag loss: 𝐿FFG(𝚲, 𝛽$, 𝛽() = ∑-,,∈𝒪 𝑦, − 𝛽( G𝑓(𝐱, ∣ 𝒯- , 𝝀-) − 𝛽$
&

oob points

Training loss: under-smoothing



Model Selection via Out-of-bag Loss
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Instead use out-of-bag loss: 𝐿FFG(𝚲, 𝛽$, 𝛽() = ∑-,,∈𝒪 𝑦, − 𝛽( G𝑓(𝐱, ∣ 𝒯- , 𝝀-) − 𝛽$
&

Training loss: under-smoothing

𝜆#∗ = 2.75

+𝑓(	⋅	∣ 𝜆#∗)



Model Selection via Out-of-bag Loss
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𝜆#∗ = 2.75

𝜆/∗ = 12.73

+𝑓(	⋅	∣ 𝜆#∗)

+𝑓(	⋅	∣ 𝜆/∗)

Instead use out-of-bag loss: 𝐿FFG(𝚲, 𝛽$, 𝛽() = ∑-,,∈𝒪 𝑦, − 𝛽( G𝑓(𝐱, ∣ 𝒯- , 𝝀-) − 𝛽$
&

Training loss: under-smoothing

Solve via gradient method: several local minima, but differentiable



Effect of Smoothing in Practice
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training size

PIJKL 	⋅	 =
MSE RF(10) − MSE(	⋅	)

MSE(RF(10))
×100%

EST(Hypsec)
EST(Norm)

RF(100)
RF(50)
RF(20)

𝑘& 𝐳; 𝐱%, 𝜆 =
1
2𝜆 sech

𝜋 𝐳 − 𝐱%
2𝜆

%
 M

SE
 im

pr
ov

em
en

t 
ov

er
 R

F(
10

)

𝑘& 𝐳; 𝐱%, 𝜆 =
1
2𝜋𝜆/

exp −
𝐳 − 𝐱% /

2𝜆



Effect of Smoothing in Practice
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training size

%
 M

SE
 im

pr
ov

em
en

t 
ov

er
 R

F(
10

)



Effect of Smoothing in Practice
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training size

%
 M

SE
 im

pr
ov

em
en

t o
ve

r R
F(

10
)



Effect of Smoothing in Practice
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training size

%
 M

SE
 im

pr
ov

em
en

t o
ve

r R
F(

10
)

Nemenyi post-hoc 
critical-difference analysis



Summary
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Idea: 
achieve spatial adaptivity and 
smoothness by post-hoc 
smoothing of random forest

Finding:
can lead to notable MSE 
improvements in small data 
regime

github.com/Neal-Liu-Ziyi/SmoothedRandomForest

Try it out yourself!

Future:
• compare to soft tree forests and 

RF as mean function of GP
• integrate calibration with 

smoothing selection
• theoretical characterisation


